For any closed smooth Riemannian manifold H. Weyl [19] has defined a sequence of numbers called today intrinsic volumes. They include volume, Euler characteristic, and integral of the scalar curvature. We conjecture that absolute values of all intrinsic volumes are bounded by a constant depending only on the dimension of the manifold, upper bound on its diameter, and lower bound on the sectional curvature. Furthermore we conjecture that intrinsic volumes can be defined for some (so called smoothable) Alexandrov spaces with curvature bounded below and state few of the expected properties of them, particularly the behavior under the Gromov-Hausdorff limits. We suggest conjectural compactifications of the space of smooth closed connected Riemannian manifolds with given upper bounds on dimension and diameter and a lower bound on sectional curvature to which the intrinsic volumes extend by continuity. We discuss also known cases of some of these conjectures. The work is joint project with A. Petrunin.
Introduction.
The goal of this paper is to formulate Conjectures 3.1, 3.3, 4.10, 5.4, 6.4 including the necessary background, and to discuss known special cases of them.
The notion of intrinsic volumes of a convex compact subset of the Euclidean space R n goes back to J. Steiner (1840) who proved the Steiner formula (1.1) below for n = 2, 3 for polytopes and strictly convex surfaces of class C 2 in [18] . In general they are defined as follows. Let K ⊂ R n be a convex compact set. For ε > 0 let K ε denote the ε-neighborhood of K. Then the Steiner formula says that vol(K ε ) is a polynomial in ε > 0 of degree n:
where κ j denotes the volume of j-dimensional unit ball, V i (K) is called the ith intrinsic volume of K. The normalizations are chosen in such a way that if K ⊂ R n ⊂ R n+m then the ith intrinsic volumes of K considered either as a subset of R n or of R n+m are the same. Also for an n-dimensional convex set K one has V n (K) = vol(K), V 0 (K) = 1, and V n−1 (K) equals to in the Hausdorff metric; we will try to generalize it to another context of Alexandrov spaces.
In 1939 H. Weyl [19] has defined intrinsic volumes (under a different name) for any closed smooth Riemannian manifold (see Section 2 below). Later on they were generalized to more general spaces, e.g. to compact smooth Riemannian manifolds with boundary or corners; in literature they are called sometimes Lipschitz-Killing curvatures. In that generality they serve as basic non-trivial examples of valuations on manifolds. The latter theory was initiated by the author [1] . While we will not use this theory explicitly, some intuition comes implicitly from there. Notice that for closed smooth Riemannian manifolds volume, Euler characteristic, and integral of scalar curvature (up to a normalization) are special cases of intrinsic volumes.
A basic observation of this work is the above mentioned fact that the intrinsic volumes of convex compact sets are continuous in the Hausdorff metric. Appropriately interpreted, this is also true for intrinsic volumes of boundaries of convex compact n-dimensional sets in R n . But convex sets and their boundaries are basic examples of Alexandrov spaces with non-negative curvature. Today quite a lot of information is known on the structure of Alexandrov spaces with curvature bounded below: for the first introduction we refer to [3] and for the more advanced one to [4] . The convergence in the Gromov-Hausdorff (GH) metric of Alexandrov spaces with curvature bounded below can be considered as an analogue of convergence in the Hausdorff metric of convex sets; the former notion has many deep properties.
Our main concern in this paper is whether one can define intrinsic volumes for some class of compact Alexandrov spaces with curvature bounded below which is broader than closed smooth Riemannian manifolds. Simple examples show that this cannot be done by continuity in the GH-sense, even when dimension and diameter are uniformly bounded above and the curvature is uniformly bounded below. We formulate a corrected version of that question, Conjecture 5.4 and Remark 4.11 (3) , which says that intrinsic volumes can be defined for so called smoothable Alexandrov spaces and tells what should happen under the GH-limits. Our conjectural answer to the latter question is rather technical and requires quite detailed information on the structure of Alexandrov spaces. However in the special case when there is no collapse we do expect that there is continuity of intrinsic volumes in GH-sense (Conjecture 3.3) . If Conjecture 4.10 is true then, by the Gromov compactness theorem, it implies for a closed smooth Riemannian manifold M n the absolute values of all of its intrinsic volumes |V i (M)| are bounded above by constant depending only on dimension n, upper bound on the diameter of M, and the lower bound on sectional curvature (Conjecture 3.1).
After describing various known special cases of the above conjectures, we make one step further and in Conjecture 5.4 we describe a new conjectural compactification of the space of closed smooth connected Riemannian manifolds of dimension at most n, diameter at most D, and sectional curvature at least κ, equipped with the GH-metric; we expect that the intrinsic volumes do extend by continuity to this new compactification. As a set, this compactification consists of Alexandrov spaces with an extra structure: an equivalence class up to isometry of a constructible function (see Definition 5.1) on every space. Furthermore in Conjecture 6.4 we describe yet another, finer, conjectural compactification whose points are Alexandrov spaces with another extra structure: a constructible object of derived category of sheaves of vector spaces over a fixed finite field.
In the formulation of most of the above conjectures the central role is played by the notion of an extremal subset of an Alexandrov space due Perelman and Petrunin [13] and the unpublished construction due to Petrunin [16] of a map of a collapsing sequence to the limit space which generalizes the Yamaguchi map [20] .
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Reminder on intrinsic volumes of smooth
Riemannian manifolds.
Let (M n , g) be a closed smooth Riemannian manifold. By the Nash imbedding theorem it can be smoothly isometrically imbedded into the Euclidean space R N for large N. Let us denote by ι : M ֒→ R N such an imbedding. An easy observation due to H. Weyl [19] (see also [8] ) is that the Euclidean volume of the ε-neighborhood of ι(M) is a polynomial in 0 < ε ≪ 1:
where the coefficients K i may depend on (M, g), N, ι. A non-trivial theorem of H. Weyl ([19] , see also [8] ) says that after appropriate normalization of the coefficients K i they become independent of N and ι thus becoming intrinsic invariants of (M, g). These normalized coefficients are denoted by V i (M) and are called the intrinsic volumes of (M, g). Actually V i (M) can be expressed as an integral over M with respect to the Riemannian volume of some polynomial expression of the Riemann curvature tensor, see [19] , [8] .
2.1 Remark. Notice that the Nash imbedding theorem is not strictly necessary to define intrinsic volumes; in fact Weyl proved the above results before Nash proved his theorem. Weyl used weaker results on isometric imbeddings available at the time.
It is easy to see that about half of the V i 's vanish:
Furthermore one can show that
where vol g is the volume form induced by the Riemannian metric g, χ(M) denotes the Euler characteristic of M, Sc denotes the scalar curvature, c n is a positive normalizing constant depending on n only. 3 First conjectures on intrinsic volumes.
The goal of this section is to state Conjectures 3.1, 3.3 and some known special cases of them.
3.1 Conjecture. For any n ∈ N, D > 0, and κ ∈ R there exists a constant C(n, D, κ) such that for any closed smooth connected Riemannian manifold (M n , g) of dimension n, diameter at most D, and sectional curvature at least κ the intrinsic volumes satisfy
for any i = 0, 1, . . . , n.
3.2 Remark. The conjecture is known to be true in the three cases i = 0, n, n − 2:
The estimate on volume is given by the Bishop inequality, see e.g [8] , Theorem 3.19. For this result even the lower estimate on the Ricci curvature of M is sufficient.
2) V 0 (M) = χ(M) is the Euler characteristic of M. The required estimate on |χ(M)| follows immediately from the stronger result of Gromov [9] saying that under the assumptions of Conjecture 3.1 all Betti numbers of M are bounded by a constant C(n, D, κ).
. The estimate of this integral under the assumptions of Conjecture 3.1 was proven by Petrunin [15] .
In order to formulate the next conjecture remind the definition of the Gromov-Hausdorff (GH) distance between two compact metric spaces A, B:
where dist H denotes the Hausdorff distance, and the infimum is taken over all metrics on the disjoint union of A and B whose restriction to A (resp. B) coincides with the original metric of A (resp. B). It is well known that the GH-distance is a metric on isometry classes of compact metric spaces; it is called the GH-metric (or GH-distance).
The Gromov compactness theorem (see [4] , Theorem 8.5) says that the set of isometry classes of n-dimensional closed smooth connected Riemannian manifolds of diameter at most D and sectional curvature at least κ is relatively compact when equipped with the GH-metric. Furthermore the completion of this metric space consists of compact length metric spaces which necessarily have curvature at least κ in the sense of Alexandrov [4] , diameter at most D, and integer Hausdorff dimension at most n.
1 Given n, D, κ, the set of isometry classes of compact length metric spaces with curvature at least κ, diameter at most D, and Hausdorff dimension at most n is already compact with respect to the GH-metric by a version of the Gromov compactness theorem [4] .
It follows that if a sequence of closed n-dimensional Riemannian manifolds {M n l } ∞ l=1 with sectional curvature at least κ converges in the GH-sense to a compact metric space X then X is an Alexandrov space of curvature at least κ and of integer Hausdorff dimension at most n.
of smooth n-dimensional closed connected Riemannian manifolds with a unifom lower bound on sectional curvature converges in the GH-metric to a compact Alexandrov space X without collapse, i.e. the Hausdorff dimension of X equals n. Then for any i = 0, . . . , n the sequence of intrinsic volumes {V i (M l )} converges to a limit as l −→ ∞. This limit depends only on X and is independent of the approximating sequence. It is natural to call it the ith intrinsic volume of X and denote it by V i (X). 3.4 Remark. This conjecture is known to be true in cases i = 0, n, n − 2:
(1) For i = n, i.e. for the Riemannian volume, Conjecture 3.3 is a special case of Theorem 10.8 in [4] .
(2) For i = 0, i.e. for the Euler characteristic, Conjecture 3.3 is a special case of the much stronger Perelman's stability theorem [12] , [10] which claims that under the assumptions of the conjecture, i.e. in the absence of the collapse, M l is homeomorphic to X for large l.
(3) For i = n−2, i.e. for the integral of the scalar curvature, the conjecture was proven by A. Petrunin and N. Lebedeva [11] .
(4) Conjecture 3.3 allows to define intrinsic volumes of some class of singular Alexandrov spaces, i.e. those which are GH-limits of sequences of smooth closed Riemannian manifolds of the same dimension and uniformly bounded below curvature. Notice that using different methods CheegerMüller-Schrader [5] defined intrinsic volumes for piecewise flat spaces, which 1 However not all such Alexandrov spaces belong to the completion. 2 Thus if X happens to be in addition a smooth Riemannian manifold then the limit V i (X) should be the usual intrinsic volume of X.
are not necessarily Alexandrov spaces, and studied their convergence properties in a different context. (I thank J. Fu for bringing [5] to my attention.)
In the next section we will formulate a refinement of Conjecture 3.3 to the more general situation when there might be collapse.
4 Conjectures on convergence of intrinsic volumes for possibly collapsing sequences.
be a sequence of smooth n-dimensional compact connected Riemannian manifolds with a uniform lower bound on sectional curvature converging to an Alexandrov space X in the GH-metric. It is a special case of Theorem 10.8 in [4] that the volumes vol(M l ) = V n (M l ) converge to the ndimensional Hausdorff measure of X (which vanishes iff there is a collapse). However simple examples show that for other intrinsic volumes V i (M l ), i < n, the limit might not exist, e.g. for the Euler characteristic χ = V 0 . Nevertheless we conjecture that after a choice of a subsequence the limit does exist and can be described in geometric terms. The statement of the conjecture requires more background from the structure theory of Alexandrov spaces with curvature bounded below; we are going to describe it now.
The following definition is due to Perelman and Petrunin [13] .
4.1 Definition. Let X be a compact Alexandrov space with curvature bounded below. A closed subset E ⊂ X is called extremal if for any point p / ∈ E, any point q ∈ E such that dist(p, q) = dist(p, E), and any point x ∈ X, x = q, the angle between any two shortest geodesics connecting q with p and with x respectively is at most
Here are few facts due to Perelman and Petrunin we will need.
Proposition ([13]
). 1) Any compact Alexandrov space has only finitely many extremal subsets.
2) The union and the intersection of finitely many extremal subsets is an extremal subset. Clearly for any two points p, q ∈ X either Ext
Thus we got finitely many disjoint locally closed subsets Ext 0 (p); whose union is equal to X. We got a stratification of X which we call the extremal stratification. It has several nice properties.
Theorem ([16]
). Let X be a compact Alexandrov space with curvature bounded below. Then one has:
(1) Any subset Ext 0 (p) is a connected topological manifold. (2) For any extremal subset E ⊂ X (resp. any stratum Ext 0 (p)) the Hausdorff dimension k of E (resp. Ext 0 (p)) is integer, and the k-Hausdorff measure of E (resp. Ext 0 (p)) is finite. (3) There is exactly one open stratum.
). Let us fix n ∈ N, D > 0, κ ∈ R. Then there exists a constant C = C(n, D, κ) such that for any compact Alexandrov space with curvature ≥ κ, diameter at most D, and dimension at most n, the number of all extremal subsets is at most C.
The following result is due to A. Petrunin [16] .
4.6 Theorem. Let {X m i } be a sequence of compact m-dimensional Alexandrov spaces with uniformly bounded below curvature which converges to a compact n-dimensional Alexandrov space X n in the GH-sense. By Theorem 4.5, the number of all extremal subsets in X i is uniformy bounded above. Let us denote by {E (1) Then there exists a subsequence (denoted in the same way as the original sequence) with the following properties. For any x ∈ X there exists ε 0 (x) > 0 such that for any 1 ≤ p ≤ N, any ε ∈ (0, ε 0 (x)) and any x i ∈ X i with d i (x i , x) −→ 0 one has (i) the singular cohomology groups of B(x i , ε) ∩ E p i with coefficients in a fixed field are finite dimensional (here B(x i , ε) ⊂ X i is open ball).
(ii) the kth cohomology groups of B(x i , ε)∩E (1). Then there exists an isometry ι : X− →X such that 
(4) If, in addition, X i −→ X without collapse, i.e. m = n, then for i ≫ 1 there exist homeomorphisms g i :
(ii) there exist functions ε 0 : X −→ (0, ∞) and j 0 : X −→ N such that for any x ∈ X, any ε ∈ (0, ε 0 (x)), and any i ≥ j 0 (x) the open balls B(g −1 i (x), ε) ⊂ X i are contractible. In particular this implies that if we take the strata, say E 1 i , to be the whole space X i , then F 1 0 equals identically to 1, and
be a sequence of n-dimensional smooth closed Riemannian manifolds with a uniform upper bound on the diameter and a uniform lower bound on sectional curvature. Assume M l converges in the GH-sense to a compact Alexandrov space X m of Hausdorff dimension m. Then one can choose maps f l : M l −→ X, l ≫ 1, as in part (3) of the theorem and satisfying in addition the following properties:
(i) Let U ⊂ X be the (only) open stratum of the extremal stratification. Then
(ii) There exists a non-empty open subset V ⊂ U such that
is a topological fibration onto whose fibers are closed topological manifolds of dimension n − m for l ≫ 1.
Remark. Part (4) of Theorem 4.
6 is a refinement of the Perelman stability theorem [12] , [10] .
Definition.
A compact Alexandrov space X is called smoothable if there exists a sequence of closed smooth connected Riemannian manifolds with uniformly bounded above dimension and a uniform lower bound on sectional curvature which converges to X in the GH-sense. 4.9 Remark. At present it is not known whether every compact Alexandrov space is smoothable.
4.10 Conjecture. Let X be a compact smoothable Alexandrov space. Then for any stratum S of the extremal stratification one can define the numbers V i (S), i = 0, 1, 2, . . . , called intrinsic volumes of S, which satisfy the following properties:
(1) V i (S) = 0 for i > dim H S (recall that dim H S is integer by Theorem 4.4(2)).
(2) V dim H S (S) is equal to the (dim H S)-Hausdorff measure of S (which is finite by Theorem 4.4(2)).
(3) V 0 (S) is equal to the Euler characteristic with compact support of S: V 0 (S) = χ c (S) :
we expect that all involved cohomology groups are finite dimensional and
be an arbitrary sequence of smooth closed connected ndimensional Riemannian manifolds with a uniform lower bound on sectional curvature. Assume that {M l } converges to a compact Alexandrov space X in the GH-metric. Choose a subsequence such that the functions F k : X −→ Z is defined by Theorem 4.6(1) (here we omit the index p since on each M i there is just one stratum equal to the whole M i ). Denote F := k (−1) k F k . Then for any i there exists lim l−→∞ V i (M l ) and it is equal to
where the sum runs over all strata of the extremal stratification of X, and F (S) denotes the value of F on S (recall that F is constant on each stratum S by Theorem 4.6(1)(v)). Notice that it was shown by A. Petrunin that these strata may not be Alexandrov spaces with curvature bounded below [14] . Hence the right generality to study intrinsic volumes should probably be beyond Alexandrov spaces.
(4) Let {M n l } be a sequence of n-dimensional smooth closed Riemannian manifolds with uniformly bounded below sectional curvature which converges in the GH-sense to an m-dimensional Alexandrov space X. Let us consider what Conjecture 4.10 says about V n−2 (M l ) (which is proportional to the integral of the scalar curvature).
( 
where the sum runs over n − 2-dimensional strata, and vol n−2 (S) is the (n − 2)-th Hausdorff measure of such a stratum S.
(5) Let us give a simple example when Conjecture 4.10 is known to be true. Let M, N be two smooth compact Riemannian manifolds, possibly with boundary or corners. Notice that in the case of non-empty boundary or corners M and N do not have to be Alexandrov spaces; nevertheless the claim below is still correct. For ε > 0 we denote ε · N the manifold N whose original metric is multiplied by ε. Then obviously M × ε · N −→ M in the GH-sense (if M, N are closed and N is non-negatively curved then the sectional curvature of M × ε · N is uniformly bounded below for ε > 0). Then one has for any i
Assuming M, N are closed, and N has non-negative sectional curvature, it is easy to see that one has convergence of pairs
4.12 Remark. In a specific situation of an Alexandrov space X n of curvature at least κ which is a definable subset of a Euclidean space with respect to an o-minimal structure Bernig [2] has defined scalar curvature (not only V n−2 (X)) and proved an estimate for it. This estimate implies that
The quantity V n−2 (X) is given in terms of integration with respect to normal cycle which does exist for definable sets. It looks intriguing to understand compatibility of this notion (and other intrinsic volumes constructed using normal cycle) with intrinsic volumes from Remark 4.11(3) and whether the estimate (4.1) holds for some other Alexandrov spaces.
5 A new conjectural compactification of the space of Riemannian manifolds.
For fixed n ∈ N, D > 0, κ ∈ R let us denote by M(n, D, κ) the set of isometry classes of compact Alexandrov spaces with curvature at least κ, diameter at most D, and the Hausdorff dimension at most n. Equipped with the Gromov-Hausdorff metric, M(n, D, κ) is a compact space by the Gromov compactness theorem. The goal of this section is to present a new conjectural compactification of this class of smooth Riemannian manifolds, to which the intrinsic volumes do extend by continuity and which has a geometric origin.
5.1 Definition. Let X be a compact Alexandrov space. A function F : X −→ Z is called constructible if it is constant on each stratum of the extremal stratification.
We say that two constructible functions F,F : X −→ Z are equivalent up to isometry if there exists an isometry ι : X− →X such that F = F • ι.
Remark.
It was shown in [6] that the group of isometries of a compact Alexandrov space is a compact Lie group, hence it has finitely many connected components. It is clear that the connected component of identity acts trivially on constructible functions. Hence in the given equivalence class there are only finitely many constructible functions; their number is at most the number of connected components in the group of isometries of X.
Let us denote by N (n, D, κ) the set of pairs (X, [F ]) where X ∈ M(n, D, κ) is an Alexandrov space and [F ] is an equivalence class of constructible functions on X up to isometry. Notice that any constructible function F : X −→ Z can be uniquely written as F = E c E 1l E where the sum runs over all primitive extremal subsets and c E ∈ Z. For a "nice" map f : X −→ Y let us define the push-forward f * F of a constructible F on X as follows. Let us write F = E c E 1l E as previously. Then
We assume here that all the Euler characteristics are well defined. Sometime this operation is called integration of F with respect to the Euler characteristic along the fibers of f . Whenever f * makes sense it should be additive: (a) X l converges to X in the Gromov-Hausdorff sense; (b) for any subsequence there is a finer subsequence as in Theorem 4.6(1),(2) such that for some (equivalently, any) choice of continuous maps f l : X l −→ X as in Theorem 4.6(3) the sequence of functions f l * (F l ) stabilizes for l ≫ 1 and the limiting function is equivalent to F up to an isometry.
(2) The obvious map 
where the sum runs over all the strata of X.
(5) The fibers of the obvious mapN (n, D, κ) −→ M(n, D, κ) are finite, and their cardinality is uniformly bounded by a constant C(n, D, κ) depending only on n, D, κ.
It is natural to expect that intrinsic volumes extend by continuity to the larger subset of N (n, D, κ) which is equal to the closure in N (n, D, κ) of the set
6 Finer conjectural compactifications of the space of Riemannian manifolds.
In this section we conjecture an existence of some other compactifications of the space of Riemannian manifolds. They are finer than the compactification N (n, D, κ) described in Section 5 in the sense that there should exist canonical continuous maps toN (n, D, κ); the intrinsic volumes should also extend to them by continuity. These compactifications depend on an a priori choice of a finite field F. The points of these compactifications are compact Alexandrov spaces with an isomorphism class of a constructible (with respect to the extremal stratification) object of the bounded derived category of sheaves of F-vector spaces up to the action of the isometry group of this space. To any such object one may canonically correspond a constructible function in the sense of Section 5, thus the former contain more information than the latter. In particular, given a sequence of smooth Riemannian n-manifolds (with uniform lower bound on the sectional curvature, as usual) which collapses on an Alexandrov space X, after a choice of a subsequence one should be able to get on X an object of the above type. In a sense it contains extra information characterizing the geometry of the collapsing sequence. At the end of this section we give a (conjectural) application of this more refined picture to show that if a sequence of n-dimensional closed Riemannian manifolds collapses to an Alexandrov space X, and a costructible function F on X is well defined then there is a non-trivial restriction on F coming from the Verdier duality operation in the derived category of sheaves. The conjectures of this section are more optimistic than those described in the previous sections since they are based on some extra properties of the extremal stratification which have not been proven so far but look plausible. Let us describe them more precisely. We will assume a basic familiarity with the language of derived categories of sheaves of vector spaces on a topological space; we refer to [7] for this material.
Let us fix a finite field F. For a topological space X let us denote by D b (Sh F (X)) the bounded derived category of sheaves of vector spaces over the field F. (Recall that its objects are complexes of sheaves of F-vector spaces with cohomologies vanishing for very large and very small indices; it is more tricky to describe the morphisms, see [7] .) Let now X be a compact Alexandrov space. We will call an object F ∈ D b (Sh F (X)) constructible if the restriction of each cohomology sheaf of F to each stratum of the extremal stratification is a local system. We will denote by D 6.2 Remark. As a partial confirmation of this conjecture let us mention that it can be shown that the fundamental group of each stratum of the extremal stratification is finitely generated. This immediately implies that on each stratum there exist only finitely many (up to isomorphism) local systems of rank at most N with coefficients in the field F.
Similarly to the case of constructible functions we have the following definition. The equivalence class up to isometry of a constructible object F is denoted by [F ] .
Furthermore any constructible object F ∈ D b (Sh F (X)) defines a constructible function F on X as follows: for any point x ∈ X F (x) =
where H i (F ) denotes the ith cohomology sheaf of F , and H i (F )| x is its stalk at the point x; the latter is a finite dimensional F-vector space. This map F → F we will denote by α, i.e. F = α(F ).
Let us denote by L F (n, D, κ) the set of pairs (X, [F ]) where X is an Alexandrov space of the Hausdorff dimension at most n, diameter at most D, and curvature al least κ, and F is an object of D b c (Sh F (X)). The main conjecture of this section is as follows.
X are the interior of X and each connected component of the boundary of X. Let us enumerate these components: ∂X = ∪ T a=1 B a . Then, since F is constructible, it must have a form
β a 1l Ba with α, β a ∈ Z.
We claim that the coefficients α and β a are related as follows:
either α = 0; (6.1) or β 1 = β 2 = · · · = β T and α = −2β 1 . It is easy to see that the constructible function corresponding to f l * (ω M l [n]) is equal to (−1) n F . When one translates the equality (6.3) to the language of corresponding constructible functions one obtains either (6.1) or (6.2) depending on the parity of n.
